We investigate the influence of interactions on the anomalous quantum Hall conductivity within the framework of the particular tight -binding models of the 2 + 1 D topological insulator and the 3 + 1 D Weyl semimetal. Several types of interactions are considered including the contact four -fermion interactions, Yukawa and Coulomb interactions. Is is shown that when the considered interactions are taken into account in the one -loop approximation, the Hall conductivity for the insulator is the topological invariant in momentum space composed of the complete two -point Green function of the interacting model. It remains robust to the smooth modification of the system. For the Weyl semimetal the Hall conductivity is given by the similar expression composed of the twopoint interacting Green function. It inherits the algebraic structure of the corresponding topological invariant of an insulator, but may vary continuously under smooth modifications of the system. We also demonstrate that the interactions may lead to the topological phase transitions accompanied by the change of Hall conductivity.
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I. INTRODUCTION
The topological invariant responsible for the Anomalous Quantum Hall effect (AQHE) in the ideal two -dimensional non -interacting condensed matter systems has been proposed in [1] . It is called now the TKNN invariant and is given by the integral of Berry curvature over the occupied electronic states [2] [3] [4] . An extension of this approach to the three dimensional topological insulators was considered, in particular, in [5] . It is widely believed, that the introduction of weak interactions does not affect Hall conductivity. Therefore, it is important to express it through the quantities defined within the interacting theory. The two -point Green function is such a quantity. The expression of the AQHE conductivity for the 2 + 1 D systems through the topological invariant composed of the Green functions has been proposed in [6, 7] (see also Chapter 21.2.1 in [8] ). The extension of this construction to various three -dimensional systems has been given in [9] , where, in particular, the description of the AQHE in topological Weyl semimetals [10] [11] [12] [13] [14] [15] ) was given. We notice here also the discussion of the similar topological invariants in [17, 18] . It is widely believed that the AQHE conductivity is given by the expressions of [6] [7] [8] [9] expressed through the two -point Green functions of interacting systems. However, there is still no direct proof that the other interaction contributions to the AQHE are absent.
In the recent paper written with the participation of one of the present authors the construction of [9] was further extended to the non -homogeneous systems [16] . This construction allows to give a relatively simple alter-native proof that weak disorder does not affect the AQHE conductivity. This complements the previous consideration of the role of disorder in the QHE (see, for example, [2, 3, 19, 20] ). In the same paper the indications were presented that the AQHE conductivity is robust to the introduction of weak electromagnetic interactions, i.e. that in the presence of interactions the AQHE conductivity is given by its expression through the two -point Green functions presented in [9] . The absence of corrections (due to weak Coulomb interactions) to the QHE in the disordered ferromagnetic metal was shown in [21] . The absence of such corrections to the QHE existing in the presence of magnetic field has been discussed long time ago (see, for example, [22, 23] and references therein). It is also worth mentioning, that the strong interactions are able to lead the fermionic system in the presence of external magnetic field to the fractional QHE phases [3] .
To the best of our knowledge, the corrections due to interactions to the AQHE at zero temperature (existing due to the nontrivial band topology) were not discussed systematically. In the present paper we report the results of the investigation that partially fills this gap. Namely, we discuss here the particular tight -binding models in two and three dimensions that correspond to the 2D topological insulators and 3D Weyl semimetals. Those models do not describe any particular materials, but they give qualitative description of the really existing systems. We will show here, that both the fourfermion interactions and the interactions due to exchange by scalar bosons (including the Coulomb interactions) do not give any corrections to the AQHE conductivities of [9] expressed through the (interacting) Green functions, at least in the one -loop approximation. We also have found, that the sufficiently strong interactions may lead to the topological phase transitions.
On the technical side we use the version of Wigner -Weyl technique [24] [25] [26] [27] adapted in [9] to the lattice models of solid state physics combined with the ordinary perturbation theory (see also [28] ). We expect that the obtained result may be extended further to the consideration of the other non -dissipative transport phenomena (for the review of the latter see [29] and references therein). The paper is organized as follows. In Sect. II we start from the consideration of the tight -binding model of the 2D topological insulator with the four -fermion interactions between electrons. In Sect. III we consider the 3 + 1 D Weyl semimetals in the presence of the four -fermion interactions. In Sect. IV we discuss the 2 + 1 D insulators in the presence of Yukawa and Coulomb interactions. In Sect. V we discuss the 3 + 1 D Weyl semimetals in the presence of Coulomb interactions. In Sect. VI we end with the conclusions.
II. AQHE IN THE 2 + 1 D TIGHT -BINDING MODEL WITH THE FOUR FERMION INTERACTIONS

A. Neglecting interactions
Let us start from the non -interacting 2 + 1 D lattice model with the fermion Green function of the form
, where H is the one -particle Hamiltonian. This is the Green function in Euclidean momentum space (i.e. the dynamics in imaginary time is considered). In [9] it has been shown that the term linear in the field strength in electric current may be written as
In the present paper we define the components A k = A k for k = 1, 2 as equal to the space components of real external electromagnetic potential A in Minkowski space -time. Correspondingly, A 3 = −A 3 = −iA 0 , where A 0 is the external electric potential. In order to make the present paper self -contained we give the derivation of Eq. (1) in Appendix A. The generalization to the case of the 3 + 1 D models is straightforward.
We suppose, that the fermions are gapped and the Green function G(p) depends on the three -vector p = (p 1 , p 2 , p 3 ) of Euclidean momentum. In order to obtain expression for the Hall current let us introduce into Eq. (1) the external electric field E = (E 1 , E 2 ) as A 3k = −iE k (the third component of vector corresponds to imaginary time). This results in the following expression for the Hall current
where the topological invariant denoted by N 3 is to be calculated for the original system with vanishing background gauge field:
Eq. (3) defines the topological invariant (this is proved, in particular, in Appendix B of [9] ). Recall, that for the given lattice model G is the Green function in momentum space, i.e. the Fourier transformation of the two point Green function in coordinate space (it is assumed that the original model without external gauge field is translation invariant). Let us consider the example with the Green function of the form G −1 = iω − H(p), where the Hamiltonian is
For m ∈ (−2, 0) we have N = 1 while N = −1 for m ∈ (−4, −2) and N = 0 for m ∈ (−∞, −4) ∪ (0, ∞). The calculation is given in Appendix C of [9] .
B. The four -fermion interaction.
We add to the model discussed above the four -fermion interaction term, which gives the Euclidean action
whereψ is the Hermitian conjugation of ψ, i.e.ψ = ψ † , τ is imaginary time (t = −iτ ), and
A 3 is expressed through the external electric potential φ(t, x) as A 3 = −iφ(−iτ, x). Space coordinates x are discrete while the values of τ are continuous. We denote the Euclidean three -momentum by p = (ω, p). In 3D Euclidean coordinate space, a point is denoted by x = (τ, x), and the Euclidean 3 -potential is A = (−iφ, A). Therefore, the partition function and the two-point Green function are given by
Let us define
When the four -fermion interaction is turned off, i.e. λ = 0, the free Green function in momentum spacẽ
which satisfies equation
The free Green function in coordinate space G 0 (x 1 , x 2 ) is related toG 0 by the Fourier transformation
Contrary to the definition of Eq. (7), all components of variable x i in the above equation may take continuous values. Similar to Eq.
where x 1 and x 2 take discrete lattice values. This may be proved directly:
where
where Q W (x, p) and G 0,W are the Wigner transformations of Q and G 0 , respectively:
represents the matrix elements of operatorQ. Star product ⋆ is the operation e
that is
where e µ is the unit lattice vector directed along the µ -th axis. (The original electromagnetic field itself may be represented in the form:
C. Influence of interactions on the Hall current
In the presence of the 4 -fermion interaction and the external field A µ , the Green function G(x 1 , x 2 ) can be expressed as
according to the Feynman diagrams, where
For an arbitary function f (x 1 , x 2 ), the convolution W * f is defined as λ dτ y y G 0 (x 1 , y)Ξ 0 (y)f (y, x 2 ), with Ξ 0 (y) = H 0 (y). From Eq.(16), one obtains (1 − W ) * G = G 0 , in which corrections in λ 2 order and higher have been neglected. Applying Q to both sides, we get
Wigner transformation gives
where G W is the Wigner transformation of G. In the presence of the 4 -fermion interaction, the gradient expansion of the Green function is similar:
W (R, p) contains the correction from the 4 -fermion interaction
does not depend on the space coordinate. Quantity λΞ 0 . As a result the system drops into the phase with the value of N 3 different from that of the model without interactions. The expression for the electric current, which follows from the relation
, gives the Hall current
where the topological invariant N 3 is to be calculated using the Green function 
III. AQHE IN THE 3 + 1 D WEYL SEMIMETAL WITH THE 4-FERMION INTERACTION A. Modification of mass parameter due to the interactions
In this section, we consider the particular model of Weyl semimetals with the four -fermion interaction in 3 + 1 D space-time. The Euclidean action is
(24) with m ∈ (−1, 1). This system contains the two Fermi points
Here K + is the right -handed Weyl point while K − is the left -handed one. As in the 2 + 1 D model, the electric current in the 3 + 1 D Weyl semimetal is given by
In the leading order
with the corrections of the order of λ 2 neglected. K
0 in the above equation is given by
which does not depend on the space coordinates and can be calculated numerically (Fig. 2) . Comparing with Eq.(60), we find that λK
is the correction to mass parameter. As for the next to leading order, following [9] we obtain
Up to the terms linear in A we obtain for the Hall current in 3 + 1 D the result similar to that of [9] :
Without interactions (at λ = 0) the values of N l were calculated in [9] . We repeat this calculation in Appendix C for completeness. Notice, that unlike the case of the insulators for the Weyl semimetals the values of N l are not topological invariants. However, unlike the case of ordinary metals with Fermi surfaces the corresponding integrals over momenta are convergent and the values of N l are well -defined.
B. States of the Weyl semimetals that correspond to the unconventional expressions for the Hall conductivity
From [9] we know that N 1 = N 2 = N 4 = 0, while N 3 depends on mass parameter m. When m belongs to the interval (−1, 1) we get
(see Appenxix B). This gives the conventional expression for the Hall conductivity according to Eq. (31):
If m is larger than 1, then N 3 = 0. On the other hand, when m approaches −1, the two Fermi points tend to ±π (which represent actually the same point). At m = −1 the value of N 3 achieves its maximum equal to 2π. When m is decreased further between −1 and −3, we get
are the new positions of the Fermi points. K + , K ′ + are the right -handed Weyl points while K − , K ′ − are the left -handed ones. Using the machnery described in Appendix C we come to the conclusion that when m crosses the value −1, the two Fermi points of Eq. (25) disappear and the new two pairs of the Fermi points appear. However, the value of N 3 is changed continuously. Nevertheless, the conventional expression for the Hall conductivity corresponding to Eq. (33) is broken. Instead we may represent the value of N 3 as
and obtain the unconventional expression for the Hall conductivity
Here we restore in our expressions the lattice spacing a and take the distance between the two Fermi points
sponding to the part of the straight line connecting them that passes through the boundary of the Brillouin zone. Eq. (34) may be interpreted as the sum of three contributions: the first two contributions correspond to the two pairs of the Weyl points while the last one corresponds to the contribution of the pair that has disappeared. If there would be no two new pairs, the system would become the topological insulator possessing the AQHE with the value of N 3 equal to 2π. The further decrease of m leads to the disappearance of the two pairs K ± , K ′ ± . The new pair appears for m ∈ (−5, −3):
The value of N 3 reads:
and gives
At m = −5 the system undergoes transition to the insulator state, and for m < −5
that is σ xy = 0. We conclude, that the sufficiently large values of λ lead to the essential change of the effective mass parameter and thus to the transition into the semimetal states with different configurations of the Weyl points as well as the different expressions for the Hall conductivity. In this section, we consider the 2 + 1 D tight-binding model with interactions caused by scalar excitations. Let us start by consideration of Yukawa interactions, but our conclusions remain valid for the exchange by the wide class of excitations (including the most relevant case of Coulomb interactions to be discussed further). The Euclidean action is
where matrix
corresponds to the boson φ with mass M . Eq. (54) gives rise to Yukawa interaction. It contributes to the selfenergy of the fermions, the leading order contribution is proportional to η 2 . In the present work we consider its effect up to the order of η 2 . The electric current is given by
η,W (x, p) + ... is the full Green function with the interactions taken into ac-
The self-energy function is given by
and is also expanded in powers of ∂ ∂x . The bosonic Green function is
Contrary to the leading-order contribution of the 4 -fermion interaction (which is constant), the contribution of Yukawa interactions to the self-energy depends both on momenta and space coordinates. Let us consider the difference
correspondingly. Let us first consider δJ k,(0) and denote for simplicity G
We also denote δJ k,(0) = η 2 I, where
Since D(−t) = D(t), one finds that I = −I, therefore I = 0, which implies δJ k,(0) = 0. Next, we consider the next order in the derivatives of the gauge field.
We used here that D(−t) = D(t), and
Therefore, we obtain δJ (1) y = 0 and conclude, that, at least, in the one -loop appoximation Yukawa interactions do not affect the expression for the Hall conductivity through the (interacting) Green function. As it was mentioned above, in the same way it may be proved that the Hall conductivity is not affected (up to the term ∼ η 2 ) by the exchange by scalar boson with arbitrary propagator D(p) obeying D(p) = D(−p). The important particular case is when D(p) is the (three -dimensional) Coulomb interaction. It is resulted from the interactions due to the exchange by real photons between the Bloch electrons of the given 2D material. The Hall current is given by
where the topological invariant N is to be calculated using the interacting Green function
The extension of this result to the three -dimensional materials is also straightforward and will be considered in the next section.
B. Topological phase transitions due to interactions
In this subsection, we consider the 2+1 D tight-binding model with Coulomb interaction. The Euclidean action is
where V is the Coulomb potential V (x) = 1/|x| = 1/ x 2 1 + x 2 2 . There is no magnetic field in this systems while there is the external electrical field. We chose the gauge with vanishing A 1 and A 2 . The electric current is given by Eq. (45) with N given by Eq. (46). The Green function entering this expression is
Coulomb interaction in momentum space is given bỹ 
) with k = 1, 2, 3. Recall that [9] (see also Appendix B)
and v k = g k / g 2 1 + g 2 2 + g 2 3 with k = 1, 2, 3. By y (l) we denote the positions of the zeros of function g
It may be shown that in the first order in α, the Coulomb interactions do not change the positions of y (l) , that are
. Therefore, the self energy affects the Green function at p = y (l) only through the modification of g 4 by f 4 , which is given by
The critical values of m appear as the solutions of equations:
To the leading order in α, these critical values are given by m ′ = −αf 4 (0, 0|m = 0), m ′′ = −2 − αf 4 (0, π|m = −2) and m ′′′ = −4 − αf 4 (π, π|m = −4). We found analytically that f 4 (π, π|m = −4) = −f 4 (0, 0|m = 0) and f 4 (0, π|m = −2) = 0. As for the numerical value of f 4 (0, 0|m = 0), we computed the related integral on the 40 × 40 lattice, and the numerical result is -0.28.
Up to the leading order in α, the topological number N is represented in Fig.3 as a function of m for α = 0.3.
V. THE 3 + 1 D WEYL SEMIMETALS IN THE PRESENCE OF COULOMB INTERACTIONS A. AQHE conductivity expressed through the two -point Green functions
Let us now discuss the three -dimensional model of Weyl semimetal with Coulomb interactions. In particular, the above considered particular model of Weyl semimetals corresponds to the action
where A 4 is the Euclidean scalar potential that corresponds to external electric field while
with m ∈ (−1, 1). With the interactions neglected this system contains the two Fermi points
The interactions correspond to matrix U x ′ ,x that is inverse to the matrix of lattice Coulomb potential D x ′ ,x :
D x,x ′ is caused by the photon exchange in medium, which in the leading order is reduced to the Coulomb interaction because of the relative smallness of the Fermi velocity in medium. In the leading order it is given by the continuum Coulomb potential 1 |x−x ′ | , where |x − x ′ | is the real distance between the lattice points x ′ , x. There are also certain corrections to this potential that will not be discussed here but that may be relevant for certain physical phenomena. We will need only, that the Fourier transform D(p) of D obeys D(p) = D(−p). Then repeating all the steps of Sect. IV A we come to the conclusion that the Coulomb interactions between electrons in Weyl semimetals do not affect the expression for the Hall conductivity, at least, in the first order in the effective fine structure constant in medium α, that is the Hall conductivity is given by the expression of [9] expressed through the two point Green function of the interacting system:
Here G α is the two point Green function with the Coulomb interactions taken into account. It has the form
B. Transitions between the states of Weyl semimetals with various patterns of the Fermi points
For the above considered particular model of Weyl semimetals the action has the form
where A 4 is the Euclidean scalar potential that corresponds to the external electric field while
The electric current is given by Eq. (31) with N 3 given by Eq. (56). The Green function entering this expression is
with
The Coulomb interaction in momentum space is
The leading order of the self-energy function is given by
(0) (x, p) depends on p 1 , p 2 and p 3 . The Coulomb interactions will change the value of Hall conductivity through the self energy function. To see this more explicitly, let us denote
) and represent the Hall conductivity as follows (Eq.(55) in [9] ):
)dp 3 (66) y (l) (s) is the line in 4D momentum space, where g 1 = g 2 = g 3 = 0, and
(see Appendix B for details).
To the first order in α, the Coulomb interactions do not change the positions of the lines of y (l) , which are given by
but it can change the position of the point when g 4 = 0 on the line, where g 4 changes its sign. Therefore, it changes the value of N 3 in Eq.(66). Let us take as an example y (1) . We represent
The zero of g 4 (p 3 ) is the solution of equation
The solution is p 3 = arccos (m+ αf 4 (0, 0, β|m))+ O(α 2 ). The value of N 3 is modified (it is equal to arccos (m) in the absence of Coulomb interactions): N 3 = 2arccos (m+ αf 4 (0, 0, β|m)), which is still equal to the difference between the positions of the Weyl points. Their positions are modified due to the interactions.
Besides, the pattern of the AQHE may be modified in a more complicated way. Namely, without interactions for −1 < m < 1, the signs of g 4 along the lines y (2) , y (3) and y (4) remain positive. However, say, if m remains slightly larger than −1, the Coulomb interactions may lead to the appearance of the zero of g 4 (0, π, p 3 ) that is the solution of equation:
This equation may have a solution p 3 = β ′ if f 4 (0, π, p 3 |m) is able to become negative at small p 3 . Our numerical calculations show that f 4 (0, π, 0|m = −1) ≈ −0.66. Therefore, the zero of g 4 really may appear along the line y (2) (near p 3 = 0), when parameter m is close to −1. The new Fermi points will be located at
On the other hand, if in addition f 4 (0, 0, p 3 |m) is able to become negative at p 3 close to π, then the zero of g 4 (0, 0, p 3 ) may disappear together with the conventional pair of Weyl points of Eq. (60). Our numerical results show that f 4 (0, 0, π|m = −1) ≈ −1.4. Therefore, this may really occur. Since f 4 (0, 0, π|m = −1) < f 4 (0, π, 0|m = −1) < 0, the interval m ∈ (−1, 1) may be divided into 3 regions (when α << 1):
(I) −1 − αf 4 (0, 0, π|m = −1) < m < 1: g 4 has one zero along the line y (1) , but there is no zero along y (2) , and y (3) . This case is similar to the original one without interaction.
(II) −1 − αf 4 (0, π, 0|m = −1) < m < −1 − αf 4 (0, 0, π|m = −1): g 4 does not have zero along y (1) , y (2) , and y (3) . Therefore,
This is the case, when interactions bring the system to the insulator phase. The insulator has a nontrivial topology that causes the AQHE according to the mechanism discussed in Sect. 9 of [9] . (III) −1 < m < −1 − αf 4 (0, π, 0|m = −1): g 4 does not have zero along y (1) , but has one zero along each of the lines y (2) and y (3) . The Hall conductivity is then given by
as in the case of the four -fermion interactions discussed above (see Eq. (35).
VI. CONCLUSIONS AND DISCUSSION
In the present paper we investigated the influence of interactions on the AQHE. We consider the particular tight -binding models of the 2 + 1 D topological insulator and the 3 + 1 D Weyl semimetal. Those tightbinding models are too simple to describe quantitatively real materials. However, we believe, that they are able to describe them qualitatively. We consider the effect of the four -fermion interactions, Yukawa and Coulomb interactions, and the other interactions caused by the exchange by scalar bosons. As expected, we obtain, that in all considered cases the AQHE conductivities are given by expressions discussed in [9] . Those expressions are composed of the two point Green functions (defined in momentum space) of the interacting systems. For the case of the insulators the given expressions are the topological invariants and are not changed when the system is modified smoothly. For the case of Weyl semimetals strictly speaking the obtained expressions are not the topological invariants. The smooth modification of the system may lead to the smooth change of their values. However, certain features are inherited by these expressions from the case of the topological insulators. At least, up to the one -loop order the corrections to the conductivities due to interactions may be taken into account only through the modification of the mentioned one -particle Green functions. The other corrections do not appear. We expect that this result remains valid to all orders of the perturbation expansion (at least, for the sufficiently small values of coupling constants).
In the case of the four -fermion interactions at the one loop level we observe the renormalization of the parameters of the considered tight -binding models that may bring the corresponding systems to the phases different from those of the noninteracting ones. In particular, the interactions may bring the 2 + 1 D topological insulator to the phase with the value of the Hall conductivity different from that of the non -interacting model. Thus we deal with the topological phase transition caused by interactions. Due to the four -fermion interactions the 3+1 D Weyl semimetal may drop to the different state of the semimetal with the unconventional expression for the AQHE conductivity (the conventional AQHE conductivity in the Weyl semimetal is proportional to the distance between the Weyl points of opposite chiralities). This is not a topological phase transition. However, the Weyl semimetal may also undergo the true topological phase transition to the insulator phase.
Coulomb interactions already in one loop affect the systems more strongly. Not only the parameters are renormalized, the very dependence of the propagators on momenta becomes different. We demonstrate, that this modification also may bring the 2 + 1 D topological insulator to the new phase with the value of Hall conductivity that differs from that of the non -interacting model. We also show that the Coulomb interactions similar to the four -fermion interactions may bring the 3 + 1 Weyl semimetals to the states with the unconventional expression for the Hall conductivity. In the latter case we may deal both with the true phase transition to the topological insulator exhibiting the AQHE and with the smooth modification of the Weyl point pattern that gives rise to the unconventional AQHE conductivity.
Our present consideration was essentially limited to the one -loop corrections. It is generally believed, however, that the anomalous quantum Hall conductivity is the topological property of materials at zero temperature. The meaning of this hypothesis for the 2 + 1 D topological insulators is that the Hall conductivity is not changed when the system is modified smoothly. Let us repeat here the reasoning of [16] (Appendix C) in favor of this hypothesis. We consider the case, when the fermions are in the presence of Euclidean vector potential A k . Let us consider the average total current
Here T → 0 is temperature. The last expression is the topological invariant in phase space (for the detailed discussion of this concept and the derivations see [16] ). Its value is not changed if the system is modified smoothly.
In principle, such a modification may contain the modification of A k (x). However, for the configurations of A k (x) that correspond to different values at different points of spacial infinity |x| → ∞ we should be careful with the variation δA k . Actually, we should restrict ourselves by the case, when δA k (x) → 0 at |x| → ∞. Next, let us expand J in powers of the field strength A ij (x) and its derivatives. For the homogeneous system (this is the case of the AQHE considered in the present paper) the coefficient in the term proportional to the field strength A ij does not depend on coordinates. Then this coefficient is in itself the topological invariant because the integral d D xA ij is not changed, when the gauge potential A is modified smoothly in a finite region of space:
because δA → 0 at infinity. This way for D = 3 we come to the following result for the part of the current proportional to A ij :
where tensor M ijk is the topological invariant in momentum space. We should take into account that A 3j = −iE j in the presence of external electric field E k . This way we come to the conclusion, that the AQHE conductivity is the topological invariant. In the present paper we have shown, that up to the one -loop approximation it is given by Eq. (2) with N given by Eq. (3) expressed through the interacting two -point Green function.
Is that possible, that the higher order Green functions (those with more than two legs) compose the other topological invariants and give the contributions to the Hall conductivity of insulator? We suppose, that the answer is "no". The reason for this is the following. Let us take for definiteness the 2D insulating system with Coulomb interactions and effective fine structure constant α. We consider the general structure of the expected answer:
The first term here is proportional to N expressed through the two -point interacting Green function according to Eq. (3). The second term contains the functional F of the multi -leg interacting Green functions.
The factor α appears because the second term exists only for the nonzero coupling constant. In turn, we may expand F in powers of α:
The terms in this expansion proportional to the negative powers of α cannot appear because in the limit α → 0 we should come back to the expression for the noninteracting system. Then looking at Eq. (72) we see the contradiction to the supposition that σ xy remains the topological invariant: this expression is changed smoothly when alpha is changed. The other terms denoted by dots in Eq.
(72) are proportional to the higher orders of α, and their consideration is similar. For the Weyl semimetals the situation is more involved. The AQHE conductivity is not a topological invariant even for the noninteracting systems. The popular explanation of the topological nature of the AQHE in Weyl semimetals is that it is related in these materials to the chiral anomaly. For example, the authors of [14] considered the (naive) effective continuum field theory of Weyl semimetals. In this naive continuum theory the axial gauge transformation Ψ → e iγ 5 βx 3 Ψ results in the separation of Weyl points in momentum space. The distance between them is given by 2β. The fermionic measure acquires the following contribution
The argument of this exponent becomes the anomalous contribution to the effective action of the electromagnetic field after integration over the fermions. In turn, the variation of this term in the effective action with respect to A gives the electric current of the AQHE given by Eq. (31) with N 3 equal to 2β. It is well -known that the chiral anomaly is not renormalized by interactions (this follows from the fact that the chiral anomaly appears via the above mentioned transformation of the integration measure over fermions [33] ). Therefore, the conventional expression for the Hall conductivity in Weyl semimetals remains valid as soon as we believe that the effective low energy continuum theory describes the AQHE well enough. It is worth mentioning, however, that the chiral anomaly in real Dirac/Weyl semimetals receives an extra contribution compared to the naive continuum field theory and to its conventional regularizations [30] 1 . Therefore, we suppose, that the non -renormalization of the chiral anomaly by interactions remains questionable for the real Weyl semimetals, and the statement about the topological nature of the AQHE still has the status of hypothesis for those materials as well as for the 2D topological insulators. In the present paper we made a step towards the proof of its validity based on the one -loop calculations.
It is worth mentioning, that in all our considerations we neglected completely the finite temperature effects and assume that the given system remains at zero temperature. Correspondingly, speaking of the topological nature of the AQHE conductivity we assume the case of zero temperature. In turn, several publications discuss the corrections due to interactions to the AQHE that manifest themselves at nonzero temperatures [31] . In [32] the experimental results on their observation were reported. Those finite temperature corrections do not contradict our findings.
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and γ k are Euclidean Dirac matrices in chiral representation, γ 5 in chiral representation is given by diag (1, 1, −1, −1) . This gives
Let us introduce the parametrization 
We use the notation:
Res (y) = 1 8π ǫ ijk ∂Ω(y)
It is worth mentioning, that this symbol obeys l Res (y i ) = 0. Let us illustrate the above calculation by the consideration of the particular example of the system with the Green function G −1 = iω − H(p), where the Hamiltonian has the form 
Although the Green function contains singularities, the integral in the expression for N 3 is convergent. We first integrate over momentum space with the small vicinities of the poles subtracted, and then consider the limit, when those vicinities are infinitely small. We represent the Green function as follows −iσ 3 G −1 = sin p 1 σ 1 + sin p 2 σ 2 + ω σ Therefore N 1 = N 2 = N 4 = 0 while
Thus we come to the expression for the AQHE current
This result coincides with the one of the naive low energy effective field theory [14] .
